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SOLVING THE OBLIQUE DERIVATIVE BOUNDARY-VALUE
PROBLEM BY THE FINITE VOLUME METHOD*

MAREK MACAK, KAROL MIKULA AND ZUZANA MINARECHOVAT

Abstract. This paper deals with the oblique derivative boundary-value problem and its solution
by the finite volume method. In this approach, the oblique derivative in the boundary condition is
decomposed into this normal and tangential components which are then approximated by means of
numerical solution values. The appropriate numerical schemes for 2D and 3D domains are developed
and numerical experiments are performed. The numerical solutions are compared to the exact
solutions and the second order accuracy of our 2D and 3D numerical scheme is obtained in all
experiments. Our work is motivated by the large scale oblique derivative boundary value problem
of physical geodesy.
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1. Introduction. Let us consider the following oblique derivative boundary-
value problem (BVP) in the bounded domain 2:

—Au(x) =0, xe€Q, (1.1)
< Vu(x),s(x) > =p(x), xel CoQ, (1.2)
u(x) =q(x), x€oQ-T, (1.3)

where u represents the unknown potential function, (1.2) represents the oblique
derivative boundary condition (BC) and <, > denotes the inner product.

The BPV (1.1)-(1.3) represents a modification of the crucial problem of physical
geodesy which is known as the fixed gravimetric BVP. In case of the fixed gravimetric
BVP, the computational domain is unbounded and BVP is defined as follows, cf.
(12, 8, 9, 3:

~AT(x) =0, xe R* -8, (1.4)
< VT(x),5(x) > = —dg(x), x €IS, (1.5)
T(x) =0, as [x|— oo, (1.6)

where, in this field of study, T is the so-called disturbing potential, S is the Earth’s
body, dg(x) represents co-called gravity disturbance obtained by gravity measure-
ments and x| = (327, #2)1/2. Since (1.4)-(1.6) is defined in the infinite domain, for
solving this problem by finite volume method (FVM) we construct a bounded domain
2 in the external space above the Earth [6]. The bottom surface I' C 02 represents
a part of the Earth surface dS. The upper spherical part and also further artificial
planar boundaries of the bounded domain represents the additional boundary where
the Dirichlet-type BC is prescribed. Such problem where we consider the oblique
derivative BC on I' and Dirichlet BC elsewhere corresponds to (1.1)-(1.3).

There exist several approaches to the solution of fixed gravimetric BVP in physical
geodesy. For the global gravity field modelling mainly spherical harmonics are used
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and, for the local modelling the FFT-based methods [16] and the collocation [17]
are performed. Recently, further numerical methods are applied to the problems of
physical geodesy. The boundary element method (BEM) was used in [10, 11, 13,
3] and finite element method (FEM) and FVM were used in [14, 7, 6]. In these
approaches, the oblique derivative problem was transformed to a standard Neumann
BVP considering special projection of the oblique derivative to the normal of the
Earth. To obtain a numerical solution of fixed gravimetric BVP, in which the oblique
derivative is treated by its decomposition into normal and tangential components to
the Earth’s surface, the BEM and the collocation with linear basis functions were
applied in [4]. The variational method based on a weak formulation of (1.4)-(1.6) was
presented in [9].

Our aim is to present the novel scheme for solving oblique derivative BVP (1.1)-
(1.3) by the FVM in 2D and 3D domains. Opposite to the previous FEM and FVM
approaches, in this paper we decompose the oblique derivative to its normal and
tangential components and tested FVM by using such approach. A 2D FVM for
oblique derivative problems together with theoretical analysis was presented in [2]. In
this paper we solve the oblique derivative BVP in circular and spherical domains and
we show that experimental order of convergence (EOC) of the developed algorithms
is equal to 2. In a near future, we believe that this algorithm will be successfully
applied in solving the fixed gravimetric BVP with real gravimetric measurements on
the real Earth surface.

2. Solution to the oblique derivative BVP by the finite volume method.
The FVM is based on the approximation of conservation laws. It can be used on
arbitrary geometries, using structured or unstructured meshes, and it leads to robust
numerical solution. In FVM approach, we divide the computational domain into a
number of finite volumes p. Then, the integration over a finite volume and using
divergence theorem

—/Au drdydz = —/Vu.ﬁ do, (2.1)
p Op

yield the weak formulation of the equation (1.4) in the finite volume p

ou
f/%do =0. (2.2)
op

Let ¢ € N(p) be a neighbour of finite volume p, where we have denoted by N(p)
all neighbours of p. Let u, and u, be approximate values of u in p and ¢, ey, is a
boundary of finite volume p common with ¢ respectively, 7i,, is its unit normal vector
oriented from p to ¢ and must by satisfied that 7i,, is orthogonal to epq, m(epq) is
the area of epq. Let x), and x4 by representative points of p and g respectively (e.g.
centers of gravity) and dpq their distance. If we approximate the normal derivative
along the boundary of finite volume p by

ou ug—uy
~ 9
Onpg dpq

(2.3)
we obtain from (2.2) and (2.3)

Ug — U
=D P mlep) =0, (2.4)
qup rq
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which can by written in the form

S )y ) =0, (25

qEup

representing the linear system of algebraic equations for FVM. Then the term %

defined on sides of finite volume p is referred to as the transmissivity coefficient p[q5]
The system (2.5) must be accompanied by the boundary conditions. In case of the
Dirichlet BC, we prescribe the value of u, on the boundary. In case of the oblique
derivative BC (1.2) it needs a special treatment which is discussed in the following
subsections.

2.1. Oblique derivative BC - 2D case. In this section we are dealing with
the numerical solution to the oblique derivative BVP (1.1)-(1.3) and we restrict our
attention to 2D computational domain Q C R2.

We have to suggest a method for discretization of (1.2). To that goal we consider
a splitting of the gradient in normal and tangential directions

ou, Ou-

Vu = (Vu, @)t + (Vu, i)t = i 7+ _,t, (2.6)

where 7 is the normal vector and £ is a tangent vector to T.
Now we put (2.6) into (1.2) and obtain

(Vu.5) = (5o + 255) = Lt ) + 24T 9. @.7)

Thus the condition (1.2) is transformed into

ou
S8+ DL = . (28)
Then we set as approximations of normal and tangent vectors,
o ( Tily = Tij Y1y~ Yiy ) (2.9)
%i-1,; = Xig| [Xim1; = Xigl )
F:(xzv—ms yN—ys) (2.10)
xy —xs] [xy —xs] /)
where x; ; = (2;,¥:,;) is a representative point of the finite volume p = (4, j) and
X 1= (xl,, g1 Yi-1, ;)s XN = (zn,yn) and xg = (v5,ys) are points on the bound-

ary I', see Flgure 2.1. For the definition of the oblique vector § in our numerical
experiments we use a mass point source Xx¢ = (r¢,yc) € R? and we consider

TC - Ti1; Yo — Y1
§= L : (2.11)
Ixo = %140 Ixe — %1

By u;; we denote the approximate value of the solution u in the finite volume p =
(7,7). Then we approximate the normal and tangential derivatives in (2.8) by

@ _ Ui—1,j — Uij (2 12)
on  [xi—1; — X’
Ju  uy —us (2.13)

of  |xy —xs|’
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Fic. 2.1. Illustration of 2D FVM grid

where values ug, uy are defined by

Ui j + Ui j+1 + Ui—1,5 + Ui—1,5+1
)
4
Ui 5+ Ui j—1 + Ui—1,5 + Ui—1,5—1

us = 4 )

unN =

and for the bottom boundary, i.e. i = 1, we add new unknowns which are then
included into the system. If we put these approximations into (2.8), we get a discrete
form of the 2D oblique derivative BC (1.2) in the form

— ug

Ui—1,5 — Uiy un
Vu,s) ~ —2— (7, §) + ————>
(Vu. ) |Xi—1,j—Xi,j|< -4) Ixn — xs|

(5 =»p. (2.14)

Our FVM for solving (1.1)-(1.3) then consist of solving system (2.5) for all inner finite
volumes accompanied by the equations (2.14) for finite volumes along the bottom
boundary I and by considering Dirichlet BC for finite volumes along 9 — T'.

2.2. Oblique derivative BC - 3D case. In 3D case, we follow the similar
strategy as in 2D case. To that goal, we split of the gradient in normal and two
tangential directions

. L oo Ou ou -~ Ou -
Vu = (Vu, )it + (Vu, t1)t1 + (Vu,to)ts = —=n + —=t1 + —= o, 2.15
( )+ ( 1)t + 2)t2 gt Tt ot (2.15)

where 77 is the normal vector and t_{, s are linearly independent tangent vectors to
' C 90 C R3. As in 2D case, we put (2.15) into (1.2) to obtain

Va8 = (i Qb Qv

ou ou - ou , -
— = 7> _’7 N 9 P ) 1
55 o 9= Gl £ S0+ TGS (210

——to, =
Ota n 2

and the BC (1.2) is transformed into the form

ou ou , - ou -
i P e+ 2 5 = p. 2.1
S .5+ S + S .5 = (2.17)

2
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We set approximations of normal and tangent vectors
o ( Ti—1jk — Tigk  Yimlgk — Yighk  Zi-ljk — Zigk )
- b b )
X1,k = Xigkl [ Xim1j0 = Xignl X156 — Xkl
- TEN —TWS YEN —YwSs ZEN — ZWS
i1 = ( ) ) s (219)
Ixgn —xws| |xen —xws| [XEn — Xws]

(2.18)

- IWN —LES YWN — YES ZWN — ZES

ty = ) ) ) (220)
Ixwn —Xgs|’ [xwy —xps|” [xwn — Xgs|

where X; ;. = (i .k, Yijks % jk) 1S a representative point of the finite volume p =

(4,7, k) and Xi—ljk = (xifé,j,k,yif%,j,kvzifé,j,k)a XwnN = (TwN, YWN, 2WN ), XEN =

(TEN,YEN, 2EN), Xws = (Tws,Yyws, 2zws) and Xgs = (TEs, YEs, 2Es) are points on

the bottom boundary I', see Figure 2.2. In our numerical experiments, we consider

the oblique vector in the form

Te—Tiggk YO T Vi-jik PO T Fic
Ixc — Xifé,j,k|

5.0k

—
7= , , S e
|xc —Xi,%,j,ﬂ |xc —Xifé,j,k|

where x¢ is the point xc = (z¢,yc, 2¢) € R®. By u; ;. we denote the approximate

Fic. 2.2. Illustration of 8D FVM grid

value of the solution u in the finite volume p = (3, j, k) and we approximate the normal
and tangential derivatives in (2.17) by

Ou _ Uitk = Uigk (2.22)
o |Xi—1,j,k — Xij.k]
ou UEN — U
Ou _ UBN —Uws (2.23)
oty |xen —xws|
a —

U _ UWN —UBS (2.24)

— = 9
Oty |xwn — Xgs|
where values uw N, UgN, Uws, ugps are defined by

Ui gk T Wi j—1,k + Wi -1+ Ui j—1,k-1F U1kt Ui—1,j—1,k +Ui—1jk-1F Ui—1j-1k—1
ww N = ; J J J J g =1,
- b}

8
“ Ui gk + Ui j—1,k + Ui g kt1 + Ui j—1,k4+1 T Wim1,jk + Uio1,j—1,k T Ui—1j k+1 + Ui-1,j—1,k+1
EN = )
8
“ Ui gkt Ui jr1,k T Uige—1 F Ui g1 k—1 F i1,k + Uio1 41,k + Uim1,jk—1 T Ui—1 j4+1,k—1
ws = ,
8
u Wi gk + Wij41,k + Wi k41 + Ui g1 bt T Uim1 5k + Uim141,k T Uio1 5 k1 T Uio1,541,k41
ES = .

8
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If we put these approximations into (2.17) we get a discrete form of the 3D oblique
derivative BC (1.2)
UWN — UES

Uim1,4k — Wigk - UEN — UWS
VU S ) —— (N, S + F——
(Vu.9) IXi—1,j,k — Xi,5,k] (7. ) |xEN — Xws|

(t1,8) + (t2,5) = p. (2.25)

|xwNn — XES|
These equations are incorporated into the FVM linear system which is then solved.

3. Numerical experiments. In this section, we present several numerical ex-
periments which were performed in order to test the proposed numerical schemes. In

2D experiments - Computational domains and boundary conditions

Exp. r 0 Type of BCs Xc

1. (1,2) (0, 2m) Dirichlet - Neumann —

2. (1,2) (0,27) Oblique with projection to normal  (0.3,—0.1)

3. (1,2) (0,2m) Oblique (—0.1,-0.3)

4. (1,2) (0, 2m) Oblique with rotation by 15° (0.2,0.4)

5. (1,2) (0, %) Oblique (0.4,-0.3)

TABLE 3.1

2D experiments - Computational domains and types of boundary conditions; r and 6 are polar
coordinates and in column xc are cartesian coordinates of the mass point source.

3D experiments - Computational domains and boundary conditions
Exp. r 0 x ¢ Type of BCs Center x¢
1 (1,2) (0, §) x (0, %) Obl with projection to normal (—0.2,0.1,0.05)
2 (1,2) (0, ) x(0, %) Oblique (—0.2,0.1,0.25)
3 (1,2) (0, %) x (0, %) Oblique with rotation by 15° (0.3,-0.2,0.1)
TABLE 3.2

3D experiments - Computational domains and types of boundary conditions; r, 0 and ¢ are
spherical coordinates and xc there are cartesian coordinates of the mass point souce.

2D experiments, the computational domain has been the annulus between two circles
and segment of this annulus, see Table 3.1. As the Dirichlet BC (1.3) on the upper
boundary (in the Exp. 5. on the side boundaries as well) the values of exact solution
of (1.1) (in the form u(x,y) = —Inr, where r is the distance from the mass point
source X¢, i.e. r = [x —x¢|) have been applied. As the Neumann/oblique BC on the
bottom boundary the derivative of this exact solution (which is equal to 1/r in radial
direction) has been considered.

In 3D numerical experiments, the computational domain has been a tesseroid
defined in Table 3.2. The Dirichlet BC (1.3) in the form of the exact solution of (1.1)
(i.e. wu(z,y,z) = 1/r) has been applied on the upper and the side boundaries. As
the Neumann/oblique BC on the bottom boundary the derivative of exact solution
(equals to —1/r? in radial direction) has been applied.

The numerical results have been compared with the exact solution. In Tables
3.3-3.10 the Ly(92)-norm of differences between the exact and numerical solutions and
EOC of the methods are presented. All experimental results show EOC=2 for the
proposed methods.

3.1. 2D Case. In the first experiment we have considered combination of BCs,
on the upper boundary the Dirichlet BC and on bottom boundary the Neumann BC,
see Table 3.1. The point x¢ = (0,0). The results can be seen in Table 3.3 and
Figure 3.1 a), EOC = 2. In these numerical experiments, the accuracy of solution
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depends only on the splitting in radial direction, i.e., we refine the grid only in index 4
and j is arbitrary, see Table 3.3. Second experiment we tested an approach where

Combined boundary condition
Grid [lu —ul|L2 EOC
64 % j 9.344708.107% -

128xj  2.281765.1076 2.034
256xj  5.637187.1077 2.0171
512xj 1.400943.10~7  2.00858

1024xj 3.492142.1078  2.00421
TABLE 3.3
L2(Q2)-norm and EOC for the 2D Exp 1. with standard Dirichlet - Neumann boundary condition.

the oblique vector § is projected to the normal vector 7ir and the value pcos6, 6 =
Z (8,7r) in considered as value of derivative in normal direction. This approach is
correct if we know the direction of the gradient and § = %. In this experiment,
x¢ is shifted to (0.3,—0.1). The Ly(Q2)-norm of differences between the exact and
numerical solutions and EOC of the method are shown in Table 3.4. On the contrary
with the previous experiments, now the accuracy of the solution depends on both
coordinates and more substantially on the radial direction. In the third experiment,

Oblique boundary condition
Grid [|la — ul|L2 EOC
4x8 7.099696.10~3 -
8x16 1.875149.1072  1.92075
16x32  4.6107913.10~* 2.02392
32x64 1.134551.10~4 2.02289
64%x128 2.808830.107° 2.01408

TABLE 3.4
Lo (Q2)-norm and EOC for the 2D Exp 2. with oblique derivative boundary condition when the
oblique vector § = % is projected to normal vector i with o = (0.3, —0.1).

we have considered the oblique BC (1.2) on the bottom boundary without projection
to the normal but with splitting of the gradient to normal and tangential directions,
x¢c = (—0.1,—0.3). The result can be seen in Table 3.5 and in Figure 3.1 b). For the

Oblique boundary condition
Grid [lu— u||L2 EOC
8x16 1.195339.1072 -
16x32 2.846202.1073  2.07031
32x64 6.893848.10~%  2.04566
64x128  1.693563.10~%  2.02525
128x256  4.193662.107°  2.01378

TABLE 3.5
L2(Q2)-norm and EOC for the 2D Exp 3. with oblique boundary condition experiment with
zc = (—0.1,-0.3).
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Fi1G. 3.1. Graph of the 2D solution a) Neumann and Dirichlet BC b) Oblique and Dirichlet BC
on the bottom boundary

fourth numerical experiment we have the same BC as in the previous experiment, but
the oblique vector s has been given by rotation of s1 by 15° where 7 is the normalized
gradient vector of the exact solution. The displacement of the mass source has been
xc = (0.2,0.4). The Lo(2)-norm of differences between the exact and numerical
solutions and EOC of the method are shown in Table 3.6. In the last numerical 2D

Oblique boundary condition
Grid [la — ul|L2 EOC
4x8 3.035999.10—2 -

8% 16 1.258422.1072  1.27056
16x32  2.781355.1073  2.1777
32x64  6.712759.10~% 2.05081

64x128 1.652955.10~% 2.02186
TABLE 3.6
Lo(Q2)-norm and EOC for the 2D Exp 4. with oblique derivative boundary condition when the
oblique vector § does not have direction of the solution gradient.

experiment, see Table 3.1, we have considered the same oblique BC as in Ezp 3.
and on the side boundaries the Dirichlet BC has been applied. The Ly(€2)-norm of
differences between the exact and numerical solutions and EOC of the method for
center point x¢ = (0.4, —0.3) are shown in Table 3.7.

Oblique boundary conditions
Grid  |Ju—u[[z2 EOC
4x4 8.103634.10~% -
8x8 1.331729.10~*  2.60527
16x16 2.564994.10~6 2.37627
32x32 5.556186.107% 2.20679

64x64 1.289188.107% 2.10763
TABLE 3.7
L2(Q2)-norm and EOC for the 2D Exp 5. oblique derivative boundary condition in experiment
on the segment of annulus.

3.2. 3D Case. In the first 3D experiment, similarly to above discussed 2D case,
the Dirichlet BC on the upper and planar boundaries has been considered and the Neu-
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mann BC, where oblique vector §is projected to normal vector 77 on bottom boundary
has been applied. The mass source has been xo = (—0.2,0.1,0.05). The results can
be seen in Table 3.8. In the second experiment, we have considered the oblique BC

Oblique boundary condition

Grid Tu—ul[zz  EOC
1x1x2 1.50876.107° -

2x2x4 8.89055.1072  4.08495
4x4x8 1.18641.1072  2.90567

8x8x16 2.02324.1072  2.55186

16x16x32  3.90073.10* 2.37485
TABLE 3.8
L2(Q2)-norm and EOC for the 8D Exp 1. oblique derivative boundary condition when the oblique
vector § is projected to normal vector @i with the mass center point o = (—0.2,0.1,0.05).

(1.2) treated by (2.25) on the bottom boundary and the Dirichlet BC on the upper
and planar boundaries. The mass point center has been xo = (—0.2,0.1,0.25). The
result can be seen in Table 3.9. For the last 3D numerical experiment, we have the

Oblique boundary condition

Grid [lu— ul|L2 EOC
1x1x2 1.55421.10° 9 -
2x2x4 8.37978.102  4.21313
4x4x8 1.04018.1072  3.01008

8x8x16 1.62235.1073  2.68067

16x16x32 2.81640.10~* 2.52616
TABLE 3.9
L2(Q2)-norm and EOC for the 3D Exp 2. oblique boundary condition experiment with the shifted
center point rc = (—0.2,0.1,0.25).

same BCs as in the previous experiment, but the oblique vector § has been given by
rotation of §7 around z-axis by 15° where s is the exact solution unit gradient vector.
The displacement of the center point has been x¢ = (0.3, —0.2,0.1). The Ly(§2)-norm
of differences between the exact and numerical solutions and EOC of the method are
shown in Table 3.10.

Oblique boundary condition

Grid [lu—ullL2 EOC
1x1x2 1.93856.10°9 -
2x2x4 9.55366.1072  4.34279
4x4%8 1.21764.10~2  2.97196

8x8x16 2.09633.107%  2.53815

16x16x32 4.54241.10~* 2.20634
TABLE 3.10
L2(Q2)-norm and EOC for the 8D Exp 3. oblique derivative boundary condition when the oblique
vector § does not have direction of the solution gradient.
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4. Conclusions. We have presented the novel algorithm for solving the oblique
derivative boundary value problem by the finite volume method in 2D and 3D do-
mains. In this approach, the oblique derivative in the boundary condition has been
decomposed into normal and tangential components. The proposed 2D and 3D nu-
merical schemes have been tested and numerical solutions have been compared with
the exact solutions. All numerical experiments show that the proposed numerical
scheme is second order accurate. In the near future, we would like to apply this
scheme in the field of physical geodesy to solve the fixed gravimetric boundary value
problem on the real Earth surface topography.
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